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( )Model predicti®e control MPC is used extensi®ely in industry to optimally control
(constrained, multi®ariable processes. For nonsquare systems with more inputs than

)outputs , extra degrees of freedom can be used to dynamically dri®e the process to its
economic optimum operating conditions. This is accomplished by cascading a local

( ) ( )linear programming LP or quadratic programming QP controller using steady-state
( )models. Such a cascade control scheme LP-MPC or QP-MPC continuously computes

and updates the set points used by the lower-le®el MPC algorithm. While this methodol-
ogy has been in use by industry for many years, its properties ha®e not been addressed in
the literature. The properties of such cascaded MPC systems are analyzed from the
point of ®iew of implementation strategies, stability properties, and economic and dy-
namic performance. Some theoretical results on stability are deri®ed along with a case
study in®ol®ing the Shell control problem.

Introduction

Ž .Model predictive control MPC is one of the main control
strategies employed in applications of advanced control in the

Ž .process industries Martin et al., 1986; Lee and Cooley, 1997 .
Ž .Cutler and Ramaker 1979 used the term dynamic matrix

Ž . Ž .control DMC and Richalet et al. 1978 used the term model
Ž .predictive heuristic control MPHC to describe this ap-

Ž .proach. Garcia and Morari 1985a,b realized the linear na-
Žture of the DMC algorithm and coined the term IMC inter-

.nal model control to describe some of its variations and re-
ported some theorems on the stability of similar algorithms.
Later, this was extended to quadratic dynamic matrix control
Ž . Ž .QDMC Garcia and Morshedi, 1984 , which considered
constraints on input and output variables.

5The initial articles on MPC include the output error yy
5 2 5 5 2y and input move suppression Du terms in the objec-set

Ž .tive function Cutler and Ramaker, 1979 . There are no input
5 5 2error terms uyu in the objective function. Historically,set

linear optimal control strategies have incorporated a cost
penalty for the input variables in the objective function
Ž .Kwakernaak and Sivan, 1972; Kailath, 1980 . Inclusion of
such a term in MPC formulation leads to steady-state offsets.

Ž .Cutler and Ramaker 1979 recognized this and chose to pose
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the optimization problem in terms of changes in the control
moves rather than the actual control variable, thus automati-
cally incorporating integral action in the controller and elimi-

Ž .nating steady-state offsets. Garcia and Morari 1985b did
include a cost for u in their DMC objective function along

Ž .the lines of classic linear-quadratic-Gaussian LQG formula-
tions of optimal control theory.

In many applications, when the number of inputs exceeds
Žthe number of controlled variables, it is desirable from an

.economic point of view to also try to achieve some set points
on the manipulated input variables. Typically, a real-time op-
timizer is used to compute the economic target values for
both output and some input variables usually in a period of a

Žfew hours to a few days Marlin and Hrymak, 1996; Miletic
.and Marlin, 1996; Forbes and Marlin, 1996 . One way to

5achieve these set points would be including a cost term uy
5 2u in the objective function used by the MPC algorithm.set

However, this has two drawbacks: First, the presence of ac-
tive constraints can lead to loss of degrees of freedom which
in turn can result in steady-state offsets in the systems. This
is because the MPC algorithm will distribute the final
steady-state errors between the target values for both u and
y. Second, the presence of external disturbances can cause
the economic optimum to shift, say, for example, from one
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set of constraints to another, thus changing the target values
for input variables. To address this issue, some authors
ŽMorshedi et al., 1985; Brosilow and Zhao, 1988; Yousfi and

.Tournier, 1991; Harkins, 1991; Muske and Rawlings, 1993
suggested a modification of the original MPC algorithm which
consists of a steady-state controller in a cascade with the clas-
sical MPC controller. The outer controller continuously up-

Ždates the set points used by the MPC controller this modifi-
cation is referred to as two-stage MPC to distinguish it from

.the classical MPC algorithm . The outer loop can be a Linear
Ž . Ž .Program LP-MPC or a Quadratic Program QP-MPC .

Ž .Forbes and Marlin 1994 discussed the model accuracy re-
quirement for the steady-state optimization layers.

Ž .Vuthandam et al. 1995 proposed an alternative approach
Ž .called EQDMC QDMC with end condition . Their approach

of removing offset is to make the input satisfy an end condi-
tion at the end of the control horizon.

The LP-MPC structure is widely used in industry since most
practical problems involve nonsquare MIMO systems. The
objective of this article is to analyze some of the properties of
the two-stage MPC and to highlight its advantages using the
Shell control problem. Since the dynamic performance char-
acteristics of two-stage MPC have not been addressed in the
literature, in this article it is analyzed and compared with
single-stage MPC. A commercial version of the scheme is used

Ž .by the Dynamic Matrix Control Corporation Harkins, 1991 .
Implementation details of the algorithm as used by industry
remain proprietary except for the general outline of the ap-
proach. This article provides a design method for the upper

Ž .level LP QP of two-stage MPC by approximating the real-
time optimizer. Stability of single-stage MPC has been inves-

Ž .tigated by many authors including Garcia and Morari 1985b ,
Ž . Ž .Rawlings and Muske 1993 , Zheng and Morari 1995 , and

Ž .Vuthandam et al. 1995 ; however, the stability of two-stage
MPC has received little attention in the literature. Stability
issues are significant since the MPC approach is known to

Ž .fail in certain instances Palavajjhala, 1994 . Three theorems
on nominal stability of two-stage MPC are given here. Ro-
bust stability is not addressed, but is considered in the appli-

Ž .cation case study. Moro and Odloak 1995 seem to suggest
that LP-MPC is preferred for implementing MPC in industry
due to its ability to incorporate economic criteria in the con-
trol algorithm. Since single-stage MPC can also take care of
some economics in the objective function, there is no con-
vincing reason to believe that LP-MPC should outperform
MPC. In this article, the economics of two-stage MPC and
that of single-MPC are compared by analytic reasoning and a
simulation example.

Note that as shown in Figures 1 and 2, the second-stage LP
Ž .or QP is not a substitute for the real-time optimization RTO .

Rather, the two-stage MPC complements and allows the
control system to track changes in the optimum caused by
disturbances. The second stage uses the disturbance estimate
computed by the lower-stage MPC at every sample time and
then determines the optimum set point. As will be demon-

Ž .strated later using the Shell case study problem , this ap-
proach permits dynamic tracking of the optimum which is not
achievable with a steady-state RTO used in conjunction with
a single-stage MPC.

The analysis in the article shows that two-stage MPC is a
clever way to achieve economic objectives in industrial appli-

Figure 1. MPC in the control system hierarchy.

cations. In addition it has some nice stability properties, be-
sides guaranteeing offset free performance in the presence of
step disturbances. By means of an example, it is also de-

Ž .scribed why the stability region is enhanced by the LP QP
optimizer.

The formulation of single-stage MPC and some of its draw-
backs are presented. The formulation of two-stage MPC is
presented, followed by the proving of three theorems regard-
ing the stability of two-stage MPC. The design approach of
QP and LP in the second stage is presented and the eco-
nomic performance of two-stage MPC is compared with that
of single-stage MPC. Dynamic performance comparison is
discussed. The Shell control problem is used as a test bed to
verify our discussion.

Single-Stage MPC Formulation and Issues
In single-stage MPC, the controlled variables and manipu-

lated variables have definite set points, which are calculated
Žby a nonlinear steady-state optimizer real-time optimizer,

. Ž .RTO using an economic objective function see Figure 1 .
The real-time optimizer usually works at a period of a few
hours to a few days while MPC is working at a period of
several seconds to several minutes.

Figure 2. Two-stage MPC system hierarchy.
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Ž UA general problem statement for MPC is y s y , u sset set
uU for single-stage MPC, with no set point change within one

.RTO interval

k q p
T< <F s min y j k y y Q y j k y yŽ . Ž .Ž . Ž .Ýk set y set

U js k q1

k q my1
T< <q u j k yu R u j k yuw x w xŽ . Ž .�Ý set set

js k

TT < <qDu j k SDu j k qe k Pe k 14 Ž . Ž . Ž .Ž . Ž .

subject to

<u Fu j k Fu , js k , . . . , kq my1Ž .min max

<y ye k F y j k F y qe k , js kq1, . . . , kq pŽ . Ž .Ž .min max

<Du FDu j k FDu , js k , . . . , kq my1Ž .min max

2Ž .

where Q is a symmetric positive penalty matrix on the out-y
Ž < .puts, with y the steady-state output target and y j k com-set

Ž .puted from the model an observer model can also be used

< <x jq1 k s Ax j k q Bu k , js k , . . . , kq pŽ .Ž . Ž .
< <y j k sCx j k qD k , js kq1, . . . , kq pŽ .Ž . Ž .

3Ž .<D k s y k y y k ky1Ž . Ž . Ž .

Ž .and revised by the estimated disturbance change D k which
Ž .is the difference between measurements y k and predicted

Ž < .output y k ky1 . R is a symmetric positive definite penalty
Ž . Ž .matrix another form of R is considered later . u j is the

input vector at time j in the open-loop objective function and
u is the target for input. S is a symmetric positive semidefi-set
nite penalty matrix on the rate of change of the inputs in

Ž < . Ž < . Ž < .which Du j k su jq1 k yu j k is the change in the in-
put vector at time j. The vector U contains the m future
open-loop control moves defined by

<u k kŽ .
<u kq1 kŽ .

.Us 4Ž ...
<u kq my1 kŽ .

Ž . Ž < .for jG kq m, the input u j is set to u kq my1 k .
ŽThe RTO level using a steady-state, nonlinear model of

. U Uthe process gives the set points y and u for the controlled
Žand manipulated variables. This is used when there are extra

degrees of freedom among the input manipulated variables
and it is desirable to drive some of these inputs to their eco-

.nomic optimum. MPC receives these set points, and its task
is to move and maintain the plant as close as possible to these
‘‘optimal’’ set points.

The following issues arise in practical applications of MPC:
Ž .i When there are more input manipulated variables than

controlled outputs, R can be kept nonzero to drive some in-
puts to desired targets. In this case even if there were no

modeling errors, the presence of disturbances will cause MPC
to distribute errors between y and u and reach a steady state
where y/ yU. To see this, consider the situation in which the
process is subject to some step disturbances. Assuming that
MPC is stable, the plant will reach a new steady state at which
F is minimized. F will approach a steady-state value F.k k

Ž .Let y , u denote the steady state reached. Thenss ss

y s A u q dss s ss s
5Ž .y1½ A sC Iy A BŽ .s

` Ž .where d sÝ D k /0 is the steady-state value of the dis-s ks0
turbance. Assume the set points yU s0, uU s0 for conve-
nience

k q p k q my1
T TFs y Q y q u RuÝ Ýss y ss ss ss

js k q1 js k

suT AT pQ A q mR u q2 dTpQ A u q dTpQ d 6Ž .Ž .ss s y s ss s y s ss s y s

ŽThe input move penalty term will be zero since system is at
.steady state.

For the simple case with no active constraints in the steady
state

dF
s0 7Ž .

duss

yielding

y1T Tu sy A pQ A q mR A pQ d 8Ž .Ž .ss s y s s y s

and

y1T Ty s Iy A A pQ A q mR A pQ d 9Ž .Ž .ss s s y s s y s

Ž .where I is an n = n n is dimension of output variablesy y y
Ž .unit matrix. For this to be zero the desired set points for y

y1T TA A pQ A q mR A pQ s I 10Ž .Ž .s s y s s y

ŽIf Rs0 and the number of outputs Fnumber of inputs As
. Žhas full row rank , it is guaranteed that y s0 for case whenss

no. of outputs -no. of inputs, there will be multiple solutions
for u , that is, system is indeterminate. Matrix AT pQ A isss s y s

.noninvertible . However, otherwise the steady-state value of
y will be different from zero causing an offset.

For example, consider the following problem:

Controlled variables: y , y , y1 2 3

Manipulated variables: u , u , u1 2 3

Targets: y s0, y s0, u s01 2 3

< <Constraints: y F1, u F1.3 i

Ž5 5 2An MPC problem can be formulated as min y qu , u , u 11 2 3
5 5 2 5 5 2.y q u to achieve optimal performance. However, the2 3
presence of disturbances may drive y or u to a constraint.3 i
In that case a degree of freedom is lost. Also, it is no longer

July 1999 Vol. 45, No. 7AIChE Journal 1523



possible to drive y , y , u to their target values, leading to1 2 3
steady-state offsets.
Ž .ii Due to inevitable modeling errors and the presence of

disturbances, set points yU and uU computed from the non-
linear steady-state model may not be consistent with the lin-

Ž . U Uear model used in MPC, that is, in steady state y / A us
where A is the steady-state gain matrix in the model used bys
MPC. This implies that the MPC objective of driving y to yU

U Ž .and u to u may not be consistent and, hence, optimal with
the constraints imposed. This will lead to steady-state offset
in the implementation. In some instances yU may even be
outside the region of feasible operation defined by input con-
straints. This lends support for updating the set points on-line
to maintain consistency and optimality.
Ž .iii The RTO is carried out infrequently. In between, the

presence of or absence of disturbances can change the eco-
nomics of operation. This is not taken into consideration by
the MPC. If there are output steady-state constraints to be
satisfied, the single-stage MPC must be designed to accom-
modate the constraints under the worst case scenario, thus
making the design too conservative. Consider the example
cited above with the targets changed to

y0.05F y F0.05, y0.05F y F0.051 2

Economics: min u .3

This can be achieved by redefining the control objective as
Ž 5 5 2 5 5 2 5 5 2.min w y qw y qw u q1 . By choosingu , u , u 1 1 2 2 3 31 2 3

w , w , w appropriately, it is possible to guarantee that the1 2 3
outputs will remain within the specified steady-state con-
straints over a specified set of disturbances. However, such a
design would be conservative and sacrifice economic objec-

Žtives w will be small and steady state may not be on the3
.intersections of the constraints . Such a design would also be

difficult since parameters w , w , w must be determined1 2 3
based on disturbance magnitude, as well as dynamic per-
formance requirement.

The two-stage MPC divides the regulation problem into two
Žlevels: the upper level calculates the most economic also

.consistent set points for y and u according to the disturb-
ance; the lower-level implements regulating action with no
offsets to the set points from the upper level. Both levels are

Ž .executed at the same sampling frequency see Figure 2 .
Ž . Ž .iv Palavajjhala 1994 reports on the application of MPC

to the Tennessee Eastman problem. He observed that the
large set point changes called for a RTO result in instability
Ž .MPC could not handle the sudden, large changes . This was
caused by modeling errors introduced by such large changes.
A gradual dynamic transition was needed to achieve a stable
transition to the new optimum point. A way is needed to
compute set point changes that are consistent with the
underlying model used in the MPC algorithm. In this article,
the Shell control problem with modeling error is used to il-
lustrate the advantage of LP-MPC in consistent set point
transfer, as well as to demonstrate some of the robustness
advantages of LP-MPC.

( )Two-Stage LP-MPC QP-MPC Cascade Control
Strategy

The two-stage MPC inserts an optimization layer between
MPC and RTO level, as shown in Figure 2. This layer pro-

vides manipulated and controlled variable set points to the
lower-level MPC.

The real-time optimizer infrequently updates the optimal
nominal ‘‘targets’’ yU, uU and the cost parameters guiding the

Ž . Ž .LP or QP . It can also update the constraints for LP QP if
necessary. The RTO is based on nonlinear steady-state mod-

Ž .els. The LP QP is executed at the same frequency as lower
stage MPC.

ŽConsider the following LP formulation Morshedi et al.,
1985; Brosilow and Zhao, 1988; Yousfi and Tournier, 1991;

.Harkins, 1991

min cT y y yU qcT u yuU qcTe 11Ž . Ž . Ž .y set u set e
y , uset set

s.t.

y s A u q d kŽ .set s set

d k s d ky1 qD kŽ . Ž . Ž .
y ye F y F y qemin set max 12Ž .
u Fu Fumin set max

y1A sC Iy A BŽ .s

e G0

Ž .where d k is the estimated disturbance at time k. c , c arey u
Žcost parameters see the section on how these are updated by

.the real-time optimizer . e is used to guarantee a feasible
solution to the LP. c is a tuning parameter. Strict specifica-e

Ž .tions on outputs such as purity specifications can be in-
Ž . Ž .cluded. The presence of d k disturbance estimate makes

this a dynamically changing problem. This feedback term also
raises the question of stability of the LP-MPC cascade
scheme.

ŽSimilarly, a QP problem may be setup as Muske and
.Rawlings, 1993

T TU U U Umin y yy C y yy q u yu C u yuŽ . Ž . Ž . Ž .set y set set u set
y , uset set

qc y yyU qc u yuU qe TcTc e 13Ž . Ž . Ž .y set u set e e

Žwith the same constraints as those in LP problem C , C arey u
.also parameters from the real-time optimizer . If C sC s0,y u

then QP degrades to LP. An approach will be given on how
the initial weights are calculated from the RTO problem
setup.

Some theorems are discussed first, which relate to the sta-
Ž .bility properties of the LP QP -MPC algorithms. Theorem 1

addresses the stability of the two-stage algorithm in the ab-
sence of constraints. Theorem 2 considers the effect of con-

Ž .straints at the LP QP level and Theorem 3 addresses stabil-
ity when constraints are present at both levels.

Stability Theorems for Two-Stage MPC
The following theorem addresses stability when no con-

straints are present.
( )Theorem 1 Unconstrained Case . If the system model is

perfect, and the upper stage of two-stage MPC is an uncon-
Ž .strained QP, while the lower stage is an unconstrained DMC
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controller, then the QP-DMC controlled system is stable pro-
vided the DMC controlled system is stable.

Proof. Consider the lower-level DMC controller. Without
constraints, this is a linear controller and, hence, the transfer

Žfunction of the closed-loop can be explicitly derived Garcia
. Žand Morari, 1985a . When the top level QP without any ac-

.tive constraints is used to determine y , u , the transferset set
function will change. Since the model in the lower level MPC
is perfect, the estimated disturbance at any time will be ex-
act. The objective function of top level QP formulation is

TU UTmin A u q d k y y c c A u q d k y yw x w xŽ . Ž .s set y y s set
y , uset set

TU UTq u yu c c u yu 14Ž . Ž . Ž .set u u set

Ž .The optimal y , u are determined by d k and are givenset set
by

y1 U UT T T T T Tu s A c c A qc c A c c y y d k qc c uŽ .Ž .Ž .set s y y s u u s y y u u

y s A u q d k 15Ž . Ž .set s set

Since all the matrices are constant, the above expression can
be rewritten

u s f yU q f uU y f d kŽ .set 1 2 1 16Ž .U Uy s g y q g u q g d kŽ .set 1 2 3

where

y1T T T T Tf s A c c A qc c A c c ,Ž .1 s y y s u u s y y

y1T T T Tf s A c c A qc c c c 17Ž .Ž .2 s y y s u u u u

g s A f , g s A f , g s Iy g . 18Ž .1 s 1 2 s 2 3 1

f , f , g , g , g are constant matrices. As can be seen, the1 2 1 2 3
top layer is nothing but a feedforward controller. Hence, if
the lower level DMC is stable, then QP-DMC must also be
stable.

With the prior knowledge of all these constant matrices, a
comparison between the performances of DMC and QP-
DMC could be obtained.

The second theorem concerns the stability when con-
straints are introduced at the upper level LP or QP.

( )Theorem 2 Constrained LP or QP . If the system model is
perfect, and the upper two-stage MPC is a constrained QP
Ž . Ž .or LP with the same active linear constraints all the time,

Ž .while the lower is an unconstrained DMC controller, then
Ž .the QP LP -DMC controlled system is stable provided the

DMC controlled system is stable.
Proof. When the active constraints do not change, y ,set

u are at the intersection of these constraints and are linearset
functions of d, yU, uU only. Thus, the top layer is still a feed-

Ž .forward controller. Hence, stability holds for QP LP -DMC
control system also.

These two theorems suggest that a DMC controller can be
Ž .tuned first, then a LP QP layer can be added on the top

without affecting the stability of the control system. If the top
layer improves the performance of the control system, it is
kept.

If constraints are present at the lower-level MPC algo-
rithm, there is a similar stability theorem.

( ) Ž .Theorem 3 Constrained MPC . If the plant A is stable,
the model is perfect and the lower part of a two-stage MPC
is a controller with mG1, P -` and ps` in Eq. 1, and the
controller output is kept satisfying an end condition at the
end of the control horizon

<u j k su , js kq m , kq mq1, . . . , ` 19Ž .Ž . set

then the system is globally asymptotically stable provided that
the disturbance is a constant after some finite time. Also,
Ž .y k s y sconstant is an asymptotically stable solution ofset

the closed-loop two-stage MPC control system.
Proof. Since the disturbance is constant after some finite

time, the set points passed from the upper stage will not
change either after a finite time, say k . After time k , thed d
lower-level MPC will be in the format of Eq. 1 with mG1,
P -`, ps`, and fixed set points. Since k is finite, the stated
and output variables at that time must be finite, and after k ,d
the problem is equal to a single-stage MPC problem whose

Ž .stability has been proved by Rawlings and Muske 1993 and
Ž . Ž .Zheng and Morari 1995 . The objective function F k in Eq.

1 is decreasing and is bounded by zero

T Ty k yy Q y k yy q u k yu R u k yuw x w x w x w xŽ . Ž . Ž . Ž .set y set set set

qDuT k SDu k qF kq1 FF k FF k -` 20Ž . Ž . Ž . Ž . Ž .Ž .d

Ž . Ž .Thus, u k su , y k s y at k™` because Q )0, Rset set y
Ž .)0, SG0 these are stated in Eq. 1 . The two-stage MPC

system is stable.
Ž .Remark 1. If in Eq. 1 Q G0 positive semidefinite , they

Ž . Ž .above theorem still holds. Since R)0, u k su , y k sset
Ž . Ž .A u k q d k s y at k™`.s set

Remark 2. If in Eq. 1 RG0, and the static gain matrix As
in Eq. 5 has full column rank, theorem 3 is still valid.

Since the static gain matrix A in Eq. 5 has full columns
Ž .rank, that means when y k s y , k™`, there is one andset

Ž .only one state for u k , k™` which is u .set
The above theorems suggest that adding an optimization

layer can dynamically track the optimum while maintaining
the system’s stability. The assumptions used are mild, and as
is demonstrated below in a case study, the stability is im-
proved rather than decreased by adding the second layer.

For single-stage MPC under step disturbances, since the
set point is not changing according to disturbances, the objec-
tive function will become infinite if infinite horizon is used
and the problem is not defined. Therefore, only a finite hori-

Ž .zon formulation exists. Vuthandam et al. 1995 provided a
theorem of stability which requires the end condition con-

Ž .straints for single-stage MPC EQDMC

< y1u j k s A y y d k , js kq m , kq mq1, . . . , `Ž .Ž . Ž .s set

21Ž .

Similar stability theorem could be developed for LP-EQDMC
or QP-EQDMC. However, the addition of the end con-

Žstraints may shrink the feasible region of MPC Lee and Coo-
.ley, 1997 . This can be illustrated with an extreme example.

Suppose the allowable change on input is so small that at
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predicted time step kq my1, the input is still far from the
steady-state value. In this case, if the end constraints are
added, the required change of input at time kq my1 may
be larger than the maximum allowable change of input, caus-
ing the problem to be unsolvable if no hard constraint viola-
tion is allowed.

Design Approach and Steady-State Properties of
( )Two-Stage LP QP -MPC Algorithm

First, RTO is considered. Typically, this is a nonlinear pro-
Ž .gramming problem NLP of the form

min f x , u 22Ž . Ž .
y , u

subject to

g x , u G0 23Ž . Ž .
h x , u s0 24Ž . Ž .

with plant output

ys K x , u 25Ž . Ž .

The solution to this problem can be said to be given at the
Ž U U U.point x , u , y .

Ž U U.Single-stage MPC implements y , u and drives the plant
to this steady-state optimum. However, this may not be the
true optimum of the actual plant due to the presence of mod-
eling errors and the presence of external disturbances. Two-
stage MPC tries to follow the changes in optimum operating
conditions of a process unit caused by the presence of exter-

Žnal disturbances. Modeling error is treated the same way as
.an external disturbance.

Design of second-stage QP in QP-MPC
To construct the second-stage QP problem, a quadratic ap-

proximation to the RTO NLP is considered first, following
Ž .the logic used in successive quadratic programming SQP

methods used for solving NLP problems.
Let

xzs 26Ž .
u

Then the RTO problem becomes

min f z 27Ž . Ž .
y , u

subject to

g z G0 28Ž . Ž .
h z s0 29Ž . Ž .

Define a Lagrangian function

L z , ®, w s f z y ® h z y w g z 30Ž . Ž . Ž . Ž . Ž .Ý Ýk k j j

where ®, w are Lagrangian variables. Given an optimum solu-
Ž U U U.tion to the problem at z , ® , w , a QP approximation can

Ž U U U.be constructed for the RTO at z , ® , w

1TU U U UTmin =f z z q z = L z , ® , w z 31Ž . Ž . Ž .d d z d2zd

subject to

TU Ug z q=g z z G0 32Ž . Ž . Ž .d

TU Uh z q=h z z s0 33Ž . Ž . Ž .d

Ž . Ž .Han 1976 and Powell 1978 showed that, if the solution to
Ž U U.the NLP x , u satisfies the Kuhh-Tucker conditions of op-

timality, then this solution will also satisfy the conditions of
optimality of the QP approximation. This analysis forms the
basis of the QP used in two-stage MPC. One starts with the

U Ž U U.solution z s x , u . If there are no modeling errors and
there are no disturbances, then this QP will yield the same
solution. When a disturbance enters the system, it affects the
constraints used and the optimal solution will shift. The ob-
jective of the two-stage MPC is to try and follow this shifting
optimum operating point of the plant.

Some of the variables can be eliminated in Eqs. 31, 32, 33,
and the QP can be reduced in terms of u and y only. In this

Žcase the problem reduces to posing it using deviations from
U U .y , u and including disturbance effects explicitly

T TU U U Umin y yy C y yy q u yu C u yuŽ . Ž . Ž . Ž .set y set set u set
y , uset set

qc y y yU qc u yuU 34Ž . Ž . Ž .y set u set

subject to

y s A u q d kŽ .set s set

d k s d ky1 qD kŽ . Ž . Ž .
35Ž .

y F y F ymin set max

u Fu Fumin set max

where C , C , c , and c can be derived from Eq. 31. Notey u y u
that a number of other changes were made also in the QP.
First, the linear relationship between y and u is replaced
with the actual linear model employed in the MPC. The lin-
earization of the steady-state model is usually not accurate
enough. Secondly, the inequality constraints have been re-
placed with bounds on y and u only. If necessary, other lin-
ear inequality constraints can be included relating y and u as
well. The former is based on constraints employed at the MPC
level.

This formulation takes care of the two issues raised earlier
regarding model errors and disturbances. The disturbance
Ž .d k is updated to reflect the current measurements available

on the plant and, hence, the relationship used matches the
plant data

d k s d ky1 qD kŽ . Ž . Ž .
36Ž .<D k s y k y y k ky1 .Ž . Ž . Ž .

We now have a QP that is consistent with the plant data. The
Ž .solution obtained y , u is thus reachable by the lower-set set

July 1999 Vol. 45, No. 7 AIChE Journal1526



Ž Ž U U.level MPC. Recall that y , u may form an unreachable
.set.

There is one additional consideration. The QP problem as
above may not have a feasible solution. It may be desirable to
soften the output constraints using a penalty variable e

T TU U U Umin y yy C y yy q u yu C u yuŽ . Ž . Ž . Ž .set y set set u set
y , uset set

qc y yyU qc u yuU qe TcTc e 37Ž . Ž . Ž .y set u set e e

Soften the output constraints with

y ye F y F y qemin set max
38Ž .e G0

c forms a tuning parameter.e

Ž .The corrected set points y , u are passed onto theset set
lower-level MPC. The following is an important property of
the two-stage MPC.

No steady-state offset property
Ž .In the presence of stable step-wise disturbances, the

Žtwo-stage MPC will reach a steady state with no offsets yss
.s y , u su .set s s set

Analysis. When the disturbance reaches its final value, the
Žfollowing equation will be valid for both the model as well as

.the plant

y s A u q d 39Ž .set s set s

because of the constraints in the upper stage. d accounts fors
the modeling error, as well as the steady-state disturbance.

If the objective function in the upper level does not change,
the set points passed to the lower level will remain un-
changed after the disturbance estimation reaches steady state.
Then, at the lower-level MPC, the steady-state objective
function will become

k q p
T

Fs y y A u y d Q y y A u y dŽ . Ž .Ý ss s set s y s s s set s
js k q1

k q my1
Tq u yu R u yu . 40Ž . Ž . Ž .Ý ss set s s set

js k

Since FG0 and y s A u q d is also satisfied, the solu-ss s ss s
tion to this optimization problem is y s A u q d s yss s set s set
and u s u with the resulting objective function zero.ss set
Therefore, for two-stage MPC, no offset will appear as long
as the control system is stable.

Design of second-stage LP in LP-MPC formulation
Instead of using QP, a linear approximation of the RTO

objective function is also employed. The LP approximation is
given by

TUmin =f z z 41Ž . Ž .d
zd

subject to

TU Ug z q=g z z G0 42Ž . Ž . Ž .d

TU Uh z q=h z z s0 43Ž . Ž . Ž .d

If there are output variables given by

ys K z s K x , u , 44Ž . Ž . Ž .

they can be linearly approximated as

TU U U U Uys K x , u q= K x , u xy xŽ . Ž . Ž .x

TU U Uq= K x , u uyu 45Ž . Ž . Ž .u

Like in QP design, this may be simplified and cast in terms of
Ž U. Ž U.deviation variables y y y and u yu as followsset set

min cT y y yU qcT u yuU 46Ž . Ž . Ž .y set u set
y , uset set

with the constraints

y s A u q d kŽ .set s set

d k s d ky1 qD kŽ . Ž . Ž .
y F y F ymin set max

u Fu Fu 47Ž .min set max

Output constraints can be softened by adding a penalty term

y ye F y F y qemin set max 48Ž .
e G0

The objective function now becomes

min cT y y yU qcT u yuU qcTe 49Ž . Ž . Ž .y set u set e
y , uset set

In practice, the cost objective function may also be set up
based on heuristic or intuitive arguments. For example, if the

Ž .outputs are strictly constrained such as purity specifications ,
then most of the economics is derived from minimizing the
cost of inputs. In this case c s0, c scost associated withy u
each input manipulated variable.

Steady-State Economic Performance
Ž .If the error introduced by the QP or LP approximation

to the nonlinear RTO objective function is small, then the
two-stage MPC will yield better steady-state economic per-
formance than single-stage MPC when the plant is subject to
constant disturbances.

Ž .The presence of sustained constant disturbances shifts the
Ž U U.economics optimum from the original y , u computed by

the real-time optimizer. Since the real-time optimizer is not
invoked frequently, the process may operate at suboptimal
conditions under single-stage MPC. The two-stage MPC, on
the other hand, utilizes on-line measurement feedback to
continuously update the disturbance effect on the output.

ŽThis, in turn, allows the LP or QP approximation of the
.RTO to move to a more economic set of operating condi-
Ž .tions y , u than those reached by single-stage MPC.set set
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Three cases are considered.
Case 1. If strict equality constraints are imposed on the

Žoutput variables such as strict purity or composition specifi-
.cations in the form

yU F y F yU 50Ž .set

then some degrees of freedom are lost, and there may be no
advantage to use a two-stage MPC. For the case where all
outputs are strictly constrained and the number of inputs is
equal to the number of outputs, the steady state reached by
the single-stage MPC and two-stage MPC are the same inde-
pendent of the disturbances.

Case 2. If the number of inputs ) the number of outputs,
Ž .there will be some degree of freedom left in the QP LP to

achieve a more economic set of operating conditions u .set
Case 3. The most benefit of the two-stage MPC occurs

when the output variables are not strictly constrained, that is

yU yD y F y F yU qD y , 51Ž .ss set s s

where D y represents the allowable variation in the outputss
variables.

Ž .This allows the most degree of freedom for the QP LP
and, hence, there is greater opportunity to optimize.

In most practical cases, the optimum lies at the inter-
section of the constraints. The presence of sustained dis-
turbances can shift the optimum from one intersection to
another. The QP-MPC and LP-MPC scheme is able to detect
and execute this move as disturbances come in, thus allowing
superior economic performance. Since the set points from

Ž .LP QP are reachable, LP-MPC or QP-MPC will stabilize on
the intersection of steady-state constraints. If LP or QP is a
good approximation of the RTO, the steady state reached by
LP-MPC or QP-MPC will be very close to the real economic
optimum.

It is possible to retain some economic objective in the for-
mulation of the single-stage MPC for some special cases.
Consider the case where economic penalty is associated with
input variable deviation from uU. In this case, the following
objective function can be used for the single-stage MPC

k q p
TU< <w x w xF s min y j k y y Q y j k y yŽ . Ž .Ýk y

U js k q1

k q my1
TU U< <w x w xq u j k yu R u j k yuŽ . Ž .�Ý

js k

TT < <qDu j k SDu j k qe k Pe k 524 Ž . Ž . Ž .Ž . Ž .

By choosing Q and R wisely, one can attempt to make surey
that the steady-state offsets are within the specification

yU yD y F y F yU qD y 53Ž .ss ss ss

Alternatively, Eq. 53 can be incorporated as an end point
constraint in the MPC formulation. For the former method,
the steady state reached may not be at the intersection of
constraints. Thus, it’s not likely to be economically optimal.

Besides, the choice of Q and R is a difficult tuning problem.y
Ž .For the end point constraints method EQDMC , the end

point constraints will cause the MPC problem to be too re-
Ž .strictive Lee and Cooley, 1997 , that is, MPC problem may

be insolvable.
Finally, if the RTO problem can be solved as frequently as

LP or QP, there is no need to adopt the two-stage MPC
strategy. Single-stage MPC should work fine since the RTO
is updating its set points continuously and frequently. How-
ever, if the RTO is a large-scale NLP problem, then it may
not be possible to solve it at the same frequency as the MPC.

Dynamic Performance Analysis
A qualitative look is now taken at the dynamic perform-

ance of the two-stage MPC algorithm. Consider the MPC
formulation of Eq. 1 with set point zero. If a step disturbance
comes in at some time, for single-stage MPC, large changes
on the input are suppressed because of the nature of the
objective function. Therefore, the controller action will be
sluggish. This can cause larger deviations on the output re-
sponse and longer settling down times. In some cases, it may
cause the quadratic problem to be without a feasible solution
if hard output constraints are present.

Now consider the two-stage MPC under the same condi-
tions. If a step disturbance comes in, the upper level will de-
tect the disturbance and adjust the set point of u accordingly.
The corrected set point of u will immediately be delivered to
the second-stage MPC. This immediate correction of the in-
put set points will allow larger input change and keep the
output deviations smaller. The control action will become
smaller as the process approaches the new set points, allow-
ing smooth settling of the process.

The two-stage MPC is also beneficial when considering a
global set point transfer. This can be illustrated by the follow-
ing example.

Suppose there are two sequential processes: a reactor sub-
Ž .system and a separation subsystem see Figure 3 . Assuming

Ž .that the system is controlled by an MPC or LP-MPC con-
troller with a top level RTO determining the set points, when

Figure 3. Reactor-separation system.
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processing conditions change, the RTO will give new set
points for both the reactor subsystems and the separation
subsystem. The MPC controller for the separation subsystem
will try to move the controlled variables to the new set points,
assuming reactor subsystem output has reached new levels.
However, because of the delay and lag in the reactor, the
reactor output will lag behind. Under some conditions, the
new set points in the separation subsystem may not even be
reachable until the reactor output has reached the new set
point. Thus, moving of the reactor and separation subsystems
to the new global steady-state optimum must be done keep-
ing in mind the dynamic lags present in the system.

In the case of the two-stage MPC, the real-time optimizer
can transfer the new target values for the input and output

Ž .along with their economic significance C , C , c , c to LPy u y u
or QP. The LP or QP can in turn compute new set points for
the lower-level MPC controller, which are consistent with the
current plant operating conditions.

LP ©s. QP at the top le©el
Both LP and QP optimize the process subject to con-

straints. The main difference is that the LP solution will be
at the intersection of constraints. As disturbances enter the
process, the optimum may shift. In the case of LP, this may
result in a jump from one intersection to the other. This could
cause the set point on y and u to change abruptly, which is
detrimental to the stability of the second-stage MPC. With
QP, however, this kind of situation is less likely to occur. The
control quality of the whole system, thus, may be better.

Another drawback of using LP is that the LP problem may
Žhave multiple solutions such as, the LP solution may be along

.one side of the feasible solution polygon . In such a case, one
has to design an appropriate approach in order to select a
solution which will be passed to the lower-level MPC from
the solution set. QP, however, will have a unique solution.

ŽIn case disturbances are varying rapidly in time that is,
.dynamics of the disturbances are important , it may be desir-

able to add a filter to slow down the set point changes in the
lower stage.

Shell Control Problem
Ž .The Shell control problem Prett and Morari, 1986 is a

multivariable problem concerning control of a heavy oil frac-
tionator. The column setup is shown in Figure 4, and the
transfer functions are tabulated in Appendix.

The control objectives and constraints are stated as fol-
lows:
Ž .a Regulatory objective:

y0.005F y , y F0.005 at steady state1 2

Ž .b Economic objective:

u should be minimized3

Ž .c Output constraints:

y0.5F y F0.51

y Gy0.57

Figure 4. Shell heavy oil fractionator.

Ž .d Manipulated variable constraints:

y0.5Fu F0.5, is1, 2, 3i

< <Du F0.05rmini

Ž .e Disturbances l , l are unmeasured.1 2
There are three output and three input variables namely:

y , y , y and u , u , u . Since it is needed only to keep y1 2 7 1 2 3 7
above y0.5, there is one degree of freedom on the manipu-

Ž .lated variable unless one is up against some constraint . The
economic objective is to minimize use of u . One way to3
achieve this is the single-stage MPC formulation

p
2 2Min w y yy qw y yyŽ . Ž .Ý y 1, kqi 1set y 2, kqi 2set

u , u , u1 ,kq j 2 ,kq j 3 ,kq j is1
js 0, . . . , my1

my1
2q w u yu 54Ž . Ž .Ý u 3, kq j 3set

js 0

subject to

y0.5F y F0.5, 1F jF p1, kq j

y0.5F y , 1F jF p7, kq j

y0.5Fu F0.5, 0F jF my11, kq j

y0.5Fu F0.5, 0F jF my12, kq j
55Ž .

y0.5Fu F0.5, 0F jF my13, kq j

y0.05 ? t FDu F0.05 ? t , 0F jF my1s 1, kq j s

y0.05 ? t FDu F0.05 ? t , 0F jF my1s 2, kq j s

y0.05 ? t FDu F0.05 ? t , 0F jF my1s 3, kq j s

where t is the sample time. Here weights are put on y ands 1
y , since it is assumed that they are equally important. By2
adjusting the relative values of w and w , more or less weighty u

Žcan be given to economics vs. regulation. The assumption in
single-stage MPC is that the real-time optimizer gives out yU,1
yU, and uU calculated from disturbances at the time when the2 3
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.real-time optimizer is executed. These targets may not be
optimal when disturbances change later.

Many researchers have tried to solve the Shell problem us-
ing different approaches as described in the monograph by

Ž . Ž .Prett et al. 1990 . Cuthrell et al. 1988 proposed using sin-
Ž .gle-stage MPC QDMC to solve this problem. However, they

did not include any economic objectives in their MPC algo-
Ž .rithm. The performance of the nonlinear programming NLP

method they propose is similar to that of the QDMC. Eco-
nomics is not considered in this NLP formulation either.

Ž .Wang et al. 1988 introduced the LQGrLTR robust control
design methodology, which included the economics in the
objective function. However, they did not consider any mod-
eling errors in the examples studied. Besides, steady-state er-
rors are present when a step disturbance is introduced. Holt

Ž .and Lu 1988 used the so-called scheduled controller, which
minimizes the worst case performance for a nonlinear system
with parameter uncertainty. Basically, their approach, if
solved on-line, is analogous to the approach used in QDMC.

Ž .Rawlings and Eaton 1988 proposed the QDMC algorithm
plus feedforward control for the load rejection in the Shell
control problem. First, the targets of manipulated variables
are determined through the steady-state model with mea-
sured load. Then, the targets are passed to MPC for control.
Although they include economics in the objective function
and their approach works better than QDMC without feed-
forward, the effectiveness of the algorithm depends on the
availability of the load measurement. McDonald and Pala-

Ž .zoglu 1988 presented a multiobjective predictive control so-
lution. However, the output constraints are violated in some
cases. In the monograph of fundamental process control
Ž .Prett and Garcia, 1988 , the Shell problem was the major
test bed for the unconstrained DMC and constrained DMC
Ž .QDMC . Although economic performance was considered,
the combination of multiple objectives into one objective does
not allow the designer to reflect the true performance re-

Ž .quirements. Zafiriou 1990 reexamined the robustness of
Ž .QDMC strategy. Yu et al. 1994 used the so-called state

Ž .estimation based model predictive control SEMPC . Ma-
Ž .ciejowski 1994 proposed the multivariable Smith predictive

control and applied it to the Shell problem. Others
Ž .Vuthandam et al., 1995 used QDMC with end condition
Ž .EQDMC .

Ž .Here, the use of single-stage MPC QDMC , as well as
two-stage MPC to control this system, is compared. The com-

Ž .parisons show that two-stage MPC LP-MPC and QP-MPC
performs better than single-stage MPC. A finite horizon for-

Žmulation is used in these comparisons. Infinite horizon can-
not be used for single-stage MPC since the objective function

.would become infinite.
All MPC computations were performed using the MPC

toolbox in Matlab. The parameters used were: Control move
horizons2; Prediction horizons30; Move suppression fac-
tors0; and Sample times6 min.

The LP objective function adopted here is

Min u 56Ž . Ž .3, set
u , u , u1 ,set 2 ,set 3 ,set

subject to the steady-state constraints

y0.005F y F0.0051, set

y0.005F y F0.0052, set

y0.5F y7, set

y0.5Fu F0.5set

y s A u q d kŽ .set s set

d k s d ky1 qD k 57Ž . Ž . Ž . Ž .

Ž . Ž .i to iv below assume that the model is perfect. Plant
Ž . Ž .modeling errors are considered in v and vi . Disturbances

are unmeasured. The RTO is the same as second-stage LP,
except it is executed at a less frequent manner.

The above setup of MPC may not be optimal. However,
since LP-MPC is using the same lower-level MPC setup, the
comparison is fair. The following points on the performances
of both single-stage MPC and LP-MPC are compared.

( )i Dynamic tracking of economic optimum with LP-MPC
Ž U. ŽFor single-stage MPC u s u , the term u y3set 3 3, kq j

.2u in the objective function, that is, w s2, w s1, is in-3set y u
cluded. The initial disturbance is l s l s0.4, from which the1 2
real-time optimizer gives out the consistent set point uU s3
y0.24. However, it fails to track the economic optimum on
u as disturbances change to l s l s0 later. For LP-MPC,3 1 2
with the same MPC setting, it tracks the optimum of u dy-3
namically and Figure 5 shows that LP-MPC is running at a
more economic state after ts120. Note that, for LP-MPC,
some optimality is sacrificed to get better regulatory per-
formance in the initial part when the disturbances enter the
process. Over the long run, the payback from the LP-MPC
optimization can be substantial.

( )ii Steady-state performance
Table 1 gives the results of steady-state offsets for both

MPC and LP-MPC. The weights in the objective function of

Figure 5. Ability shown of LP-MPC to track the optimum
dynamically.

ŽResponse of u to step disturbance changes from l s l s3 1 2
. Ž0.4 to l s l s 0 . Objective is to minimize u maximizes1 2 3

.steam make .
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Table 1. Steady States Reached by Control Systems
when Subject to Step Disturbance Change from

l s l s0 to l s l s0.41 2 1 2

Actual SS Actual SS
Set Point Reached Reached

Variable Constraint by LP-MPC by MPC

Top end point, y 0"0.005 0.005 0.00521
Side end point, y 0"0.005 0.005 0.01872
Economic objective, u } y0.2401 y0.24713

Eq. 54 are w s2, w s1 for both cases. It’s seen that single-y u
stage MPC leads to a violation of specifications on y and y1 2
due to the inclusion of economics in the objective function.
LP-MPC effectively maintains the specification while achiev-

Žing optimal economic performance steady state at the inter-
.section of the constraints .

A well-formulated single-stage MPC can also maintain the
output steady state in the specified region, but at the cost of
sacrificing economic performance andror stability. Generally,
there are two ways, specifically:
Ž .a Increase the weight on controlled variables w so thaty

even in the worst case, steady-state specification could be met.
For example, making w s10, w s1 will reach a steady statey u
of y s0.0001, y s0.0002, u sy0.2379. However, this1s s 2 s s 3 s s
is not economically optimal since the optimal solution is on
the boundary of the feasible region. The final value reached

Ž .u is larger than reached by LP-MPC y0.2401 . Hence,3s s
even though the steady-state specification is met, one loses
economics by doing so.
Ž .b Incorporate hard constraints to MPC which bound the

controlled variables at the end of the control horizon within
Žthe specified steady-state feasible region that is, y0.005F

.y , y F0.005 . However, this will reduce the feasible re-1s s 2 s s
Ž .gion of the MPC problem as seen in point iii , and the ability

to handle disturbances is jeopardized. If one chooses to soften
the hard constraints, then steady-state specifications may not
be met.

Thus, there is a tradeoff for single-stage MPC between the
steady-state specifications and economic performance.

( )iii Disturbance handling ability
Since the strict output constraints stated in the problem

Ž .Eq. 55 have been enforced, there are limits to the ampli-
Žtude of disturbances before the controllers fail no feasible

.region of MPC problem . Table 2 lists the allowable range of
disturbance for both algorithms. The weights in Eq. 54 for
both control strategies are again the same w s2, w s1 fory u
fair comparison. When the same amplitude of disturbances

Table 2. Comparison of Largest Amplitude of
Disturbances LP-MPC and Single-Stage MPC Can

( )Handle l s l with Initially No Disturbance1 2

Max. Endurable
Step Change in

Ž .Method Max. Du Disturbance l , l1 2

LP-MPC 0.05rmin 0.64
MPC 0.05rmin 0.43
EQDMC 0.05rmin 0.33

come in, the single-stage MPC will have larger overshoot than
LP-MPC. This in turn favors LP-MPC in disturbance han-
dling ability. Also shown in Table 2 is the maximum disturb-
ance amplitude that can be handled by EQDMC. Since there
are extra constraints in EQDMC, the disturbance handling
ability is further reduced.

( )i© Dynamic performance
The responses to disturbances for both cases are also plot-

Ž .ted in Figure 6 weights are still the same w s2, w s1 .y u
The LP-MPC performs better. The reason that LP-MPC per-
forms slightly better is due to its ability to make larger moves
in u because of set point update. Since u is included in the3 3
economic objective in the case of single-stage MPC, its move-
ments are slightly more constrained and this causes the out-
put to deviate from the target a little more than the LP-MPC
algorithm.

( )© Global set point transfer
Sudden large set point changes may cause instability for

MPC controllers. This is tempered by constraints imposed on
inputs and move sizes. With some changes on the statement
of Shell problem, the advantage of the two-stage cascade MPC
in making global set point transfer can be illustrated. Here
model mismatch is introduced so that one can evaluate the
robustness of LP-MPC, as well as MPC.

Ž . ŽThe objective functions of both MPC Eq. 54 and LP Eq.
.56 are not changed. Only the constraints and models are

changed. Disturbances are still unmeasured though their
transfer functions to controlled variables have been changed.
The modifications made on the Shell problem are summa-
rized as follows:

Plant Model Error. The gains of the plant dynamic models
are only 60% of the real plant. Other coefficients in the model
are kept unchanged. Since the static model in LP formulation
is derived from the plant dynamic model, it has the same gain
error.

Constraint Change. The constraints on the manipulated
variables are kept unchanged. However, in order to endure

Figure 6. Responses of MPC and LP-MPC to disturb-
ance change from l s l s0 to l s l s0.4.1 2 1 2
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large disturbances, the constraints on the input move and the
controlled variables are extended to

y1r6FDuF1r6 per min
y1F y F1 58Ž .1

y1F y .7

Disturbance Change. The new time constants in the trans-
fer functions between l , l and y , y , y are the original1 2 1 2 7
time constants plus 100, that is, if the original transfer func-

w Ž .x yu stion is Kr 1qt s e , the new transfer function used in the
� w Ž . x4 yu ssimulation is Kr 1q 100qt s e . The limit on the ampli-

tude of the disturbance is "2. Both MPC and LP formula-
tions contain modeling error.

Since there is modeling error and the prediction horizon is
not infinity, the nominal stability theorems derived above do
not apply here.

At time ts600, the real-time optimizer knows through the
global plant static relations that there is a step disturbance

Žwith final values of l s l s1.0. The real-time optimizer here1 2
used is the same as the LP formulation except that it works

.in an infrequent manner and perfect static models are used.
With initial disturbances l s l s0 changing to l s l s1.0,1 2 1 2

wset points for y , y , and u are changed from 0.005, 0.005,1 2 3
x w xy0.32 to 0.005, 0.005, y0.44 by the real-time optimizer.

After this set point transfer completes, the system will be at
its steady state if it is stable. Then, at ts1,368, the real-time
optimizer is executed again with l s l sy1.8. It resets the1 2

w xset points on y , y , and u from 0.005, 0.005, y0.44 to1 2 3
w xy0.005, 0.005, 0.45 . This is a large change for u and may3
cause the single-stage MPC control system to become unsta-

Ž .ble. For LP QP -MPC, the set point change is gradual rather
than the sudden step change on the single-stage MPC. The
response will be better.

Figure 7 shows the results of the single-stage MPC control
Ž .system with w s2, w s1 . As can be seen for the first sety u

point transfer, the system is stable because the set point
Ž w x wchange is small from 0.005, 0.005, y0.32 to 0.005, 0.005,

x.y0.44 . However, when the second set point change comes,

Figure 7. Global set point transfer of single-stage MPC
control system.

Figure 8. Global set point transfer of LP-MPC control
system.

the single-stage MPC control system is unable to maintain
the stability of the system. The outputs and inputs oscillate
significantly and the set point transfer is not successful. This
is clearer if one looks at the manipulated variables.

Figure 8 is the set point transfer dynamics for LP-MPC
control system. It can be seen from the figure that both set
point transfers are successful. For small set point changes,
despite superior dynamic performance, LP-MPC does not
differ much from single-stage MPC. For large set point
changes, however, LP-MPC is stable and the dynamics is ac-
ceptable, while single-stage MPC tends to become unstable.
It should be mentioned here that all the lower-level MPC
parameters are the same as with single-stage MPC.

Both set point changes on u for LP-MPC and single-stage3
MPC are plotted in Figure 9. It’s clear that for LP-MPC, the
change on set point is more gradual than that of the single-
stage MPC. Also from the figure, it can be seen that there is
no steady-state error on the set point of u by using LP-MPC,3
even though there is modeling error in the LP formulation.

The process is maintained at a more economic state under
LP-MPC. In Figure 9, consider ts1,368. Because of the

Figure 9. Evolution of set point of u for LP-MPC and3
single-stage MPC.
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Figure 10. Response of single-stage MPC when
disturbances change.

knowledge of the static disturbances, the real-time optimizer
resets the set point of u to 0.45. The set point from the3
RTO is larger than that from the upper-stage LP, resulting in
profit loss. Although at ts600, the real-time optimizer im-
mediately gives out y0.44 as the set point of u , this set3
point is unreachable and is actually in the infeasible region.
This can also be seen from Figure 7 that the actual response
of u does not go down immediately after ts600. It main-3
tains its original level until disturbances come in. Thus, there
is no economic advantage of making the set point change in
advance of disturbance in this case.

( )©i Performance when disturbances change in-between the
RTO inter©al

The same modeling errors discussed above were used in
this test. If disturbances change in between the RTO inter-

Figure 11. Response of LP-MPC when disturbances
change.

val, there could be situations where the set points used by the
single-stage MPC are inconsistent andror infeasible. Figure
10 shows the response of single-stage MPC during the RTO

Ž U .interval set points unchanged, u sy0.32 when disturb-3
ances change from l s l s0 to l s l s1.0 at time around1 2 1 2
600. The single-stage MPC becomes unstable. The LP-MPC,

Ž .however, is still stable see Figure 11 .

Conclusion
In this article the properties of the two-stage MPC ap-

proach was examined, and this approach continuously es-
timates the effect of disturbances and revises set points.
Nominal stability of the two-stage MPC was analyzed. Two-
stage MPC directly addresses the issue of shifting economic
optimum in presence of disturbances. It allows offset-free
performance irrespective of the weights in the objective func-
tion. There are also some advantages in terms of robust sta-
bility and dynamic performance. These were demonstrated
using the Shell control problem as a case study.
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Notation
A, B, Csmatrices in the state space model

fsplant wide economic objective function
gs inequality constraints
hsequality constraints
LsLagrangian function
mscontrol horizon
psprediction horizon

Q , R, S, Pspenalty matrices in MPC formulationy
u, Du, u smanipulated variables, change of manipulated vari-set

ables and their set points
u , u supper and lower limits of the manipulated variablesmax min

w , w s weights in the Shell problem MPC formulationy u
xsstate variable

y, y scontrolled variables and their set pointsset
y , y smaximum and minimum output allowedmax min

y , u ssteady-state values for y and uss ss
z, z s introduced in Eq. 26, change of zd

es violation of hard constraints
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Appendix: Transfer Function Shell Control Problem
( ) [ (First-order plus dead time FOPDT model: Krrrrr 1H

)] I u st s e

Bottom Inter. Upper
Top Side Reflux Reflux Reflux

Draw Draw Duty Duty Duty
Ž . Ž . Ž . Ž . Ž .u u u l l1 2 3 1 2

Top End K s4.05 K s1.77 K s5.88 K s1.20 K s1.44
Ž .Point y t s50 t s60 t s50 t s45 t s401

u s27 u s28 u s27 u s27 u s27

Side End K s5.39 K s5.72 K s6.90 K s1.52 K s1.83
Ž .Point y t s50 t s60 t s40 t s25 t s202

u s18 u s14 u s15 u s15 u s15

Top Temp. K s3.66 K s1.65 K s5.53 K s1.16 K s1.27
Ž .y t s9 t s30 t s40 t s11 t s63

u s2 u s20 u s2 u s0 u s0

Upper K s5.92 K s2.54 K s8.10 K s1.73 K s1.79
Reflux t s12 t s27 t s20 t s5 t s19

Ž .Temp. y u s11 u s12 u s2 u s0 u s04

Side Draw K s4.13 K s2.38 K s6.23 K s1.31 K s1.26
Ž .Temp. y t s8 t s19 t s10 t s2 t s225

u s5 u s7 u s2 u s0 u s0

Inter. K s4.06 K s4.18 K s6.53 K s1.19 K s1.17
Reflux t s13 t s33 t s9 t s19 t s24

Ž .Temp. y u s8 u s4 u s1 u s0 u s06

Bottoms K s4.38 K s4.42 K s7.20 K s1.14 K s1.26
Reflux t s33 t s44 t s19 t s27 t s32

Ž .Temp. y u s20 u s22 u s0 u s0 u s07

Manuscript recei®ed July 29, 1998, and re®ision recei®ed Apr. 9, 1999.

July 1999 Vol. 45, No. 7 AIChE Journal1534


